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Overview

e Fluid equations and closures
¢ General moment equation approach

e Work accomplished (last 13 years)

e Work in progress

o Parallel moment equations in NIMROD (Hankyu Lee)

¢ Parallel closures in an inhomogeneous magnetic field

*x  Arbitrary collisionality
¢ Closures for partially ionized plasmas
e Future work

¢ To be completed in the near future

o Possible work
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Fluid equations and closures/transport

Maxwellian moment (n,, V,,T,) equations
(0,0) ding + 1oV -V, =0(d; =0+ V,-V)
(0,1) %nadtTa +n,1,V-Vo+V-h,+VV,:7, =0Q,

(1,0) mqnagdi Vg —neqa(E+V, xB)+ Vp, + V-7, = R,

General moment equations Dn + Qbxn = Cn (n!* — ¢!+2+

(1,1) dh+ Qb xh+ (V- V)h+ Ih- (VV) + 2(VV) - h+22VT
+IlV.r4+I¥L . r—a.-7+V 0+ VU2 +VV 0?0
= C{yVei + C1yh + Clor + - - - (h heat flow)
(1,2) der + Qb xr+ - =C{y Ve + C3yh + Chor + - -+ (r heat heat flow)
(2,0) dym + Qbxw + (V- V)w + 27 - (VV) + pW+:2Vh + V - 0"
= C8,m + C%,0 + - - - (m viscosity)
(2,1) di@ + Qbxmw + --- = C3mw + C%0 + - - - (0 heat viscosity)
wherea=L(E+V xB) —d;Vand W=VV + (VV)T - 2V . V|

moment)

Closures: express h,(nl!), m,(n?Y), Q,, R, in terms of n,, V., T,
Electron closures for high collisionality (Braginskii)
he = (8)(Vei) = (5)(VI), Re = —Ri = —(a)(Vei) — (8)(VTe)
Transport: relate flux densities h., J to thermodynamic forces VT, and E

h, = (&)E — (k)(VT), J = (0)E — (&)(VTe) 3/ 18



Work accomplished - PSI Center and CEMM

e General moment equations: exact calculation of collision operators
¢ Linear and nonlinear terms in total- and random-velocity moment expansions

*x 'Exact linearized Coulomb collision operator in the moment expansion”,
Phys. Plasmas 13, 102103 (2006).

* “Landau collision operators and general moment equations for an
electron-ion plasma”, Phys. Plasmas 15, 102101(2008).

* "Full Coulomb collision operator in the moment expansion”, Phys. Plasmas
16, 102108 (2009).

x “Analytical solution of the kinetic equation for a uniform plasma in a
magnetic field”, Phys. Rev. E 82, 016401 (2010).

x A framework for moment equations for magnetized plasmas’, Phys.
Plasmas 21, 042102 (2014).

e C(losures and transport for high collisionality

¢ Large x = Q7 correction for electrons
¢ Effects of ion-electron collisions on ion transport

x "Closure and transport theory for high-collisionality electron-ion plasmas’,
Phys. Plasmas 20, 042114 (2013).

x "lon closure theory for high collisionality revisited”, Phys. Plasmas 22,
062114 (2015). 4 /18



Work accomplished - PSI Center and CEMM (cont.)

e Parallel closures and transport for arbitrary collisionality

¢ Electron: for ion charge number 1 < Z.g < 10
o lon: for various AZ? (A = m;/my) and T} /T, < 10

*

*

“Moment approach to deriving parallel heat flow for general collisionality”,
Phys. Plasmas 16, 022312 (2009).

“Moment approach to deriving a unified parallel viscous stress in
magnetized plasmas”, J. Fusion Energy 28, 170 (2009).

“Linearly exact parallel closures for slab geometry”, Phys. Plasmas 20,
082121 (2013).

“Electron parallel closures for arbitrary collisionality”, Phys. Plasmas 21,
122115 (2014).

“Electron parallel closures for various ion charge numbers’, Phys. Plasmas
23, 032124 (2016).

“Electron heat flow due to magnetic field fluctuations”, Plasma Phys.
Control. Fusion 58, 042001 (2016).

“lon parallel closures”, Phys. Plasmas 24, 022127 (2017).
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Work accomplished - PSI Center and CEMM (cont.)

e Since the last annual PSIC meeting

¢ "“Electron parallel transport for arbitrary collisionality”, Phys. Plasmas 24,
112121 (2017).

o “Electron parallel closures for the 3+1(n, V||, p,p1) fluid model”, Phys.
Plasmas 25, 032117 (2018).

o Electron: for ion charge number Z.g > 10 (Hankyu Lee)

* Paper in preparation
o Parallel moment equations implemented in NIMROD (Hankyu Lee)

x Being verified against the theoretical integral closures
* Nonlinear terms being implemented

o Parallel closures in an inhomogeneous magnetic field developed

* Paper in preparation
* Bootstrap current to be calculated

¢ Closures for partially ionized plasmas
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Parallel moment equations in NIMROD

0 q 1
— [n]+or YO [n]+vr (0 In B)¥ g [n] +vr(0) nT)® [n] + —— E)© [n] = —c[n|+|g]
8t ~ ~ N 2T P T
inhomo. magectic field nonlinear coupling terms
10° 3 ~
10°F :
- 10™ -
10"k |
E 10'2 =
= o2l £ | ——— 7= Fitted
- _ 10° B 10*10 M (theory)
- —  Z=1 Fitted O 10*10 M (result)
102k —  10*10 M (theory) -
F O 4*2 M (result) 10 i
0O 10¥10 M (result) 0 E
10 i
/ 1 1 1 1 10° 1 1 1 1 - 1 - ;
10° 10° 10" L 10' 10° 10° 10° 10° 10 ' 10 10 10

Parallel heat flow and viscosity responding to the temperature and flow velocity
gradients, respectively. The NIMROD results (squares) are compared to the
analytical integral closures.
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Parallel closures in an inhomogeneous magnetic field

(e=1r/R=0.5)

Parallel friction due to 9, T : Sin36

Parallel heat flow due to 9, T : Cos36

T T
-
L=\

Parallel viscosity due to 3, T : Cos368

[ [ [
Parallel heat flow due to V,|-V;, : Cos38 Parallel friction due to V. -V;, : Cos30 Parallel viscosity due to Ve -V;; : Cos38
0.06T : : ‘ ‘ F ‘ ‘ ‘ T 0.003 5 ‘ ‘ : ‘ -
- [ =~ L 2
I 010 /" 1 i ," A
0.04 [ 0.002 -
[ i l’ \ r
0.02 00sp J/ \ 1 oo001f
0.0, 0.00f 0.000 [yt
-0.02 ~0.05 | ] -0.001 ]
[ [ ) [
i [ \ 0.002|-
-0.04: 1 _oolf Wl (WA ]
[ 0.10 - \ 7 S F \_/
- - I . . | | A R R SRR R RS L a1y =0.0035 1 - I L I L
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
] ] ]

Parallel heat flow due to 9, V}, : Cos36

Parallel friction due to 3, V), : Cos36
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Kinetic equations for a partially ionized plasma

0 fn Ofn . Fn 0fu
ot TV or +mn. ov

df; ofi Fi Jfi N AR )
(’% + v - 81' —+ E . 6V = C(fl) X(fna fl) Y(fl) -+ Z(fn>
ofe . 0f  Fe 0fe

ot TV or T ov

= X(fu, i) +Y(fi) — Z(fa)

= CO(fs) = Y (fo, i) + Z(fo, fo)

Recom: Y (fe, fi) = /dv’ar|v—v’|f1(v’)fe(v)

Y(fl) :Y(fiafe) — /dV/Ur|V_V/|fe(V/)fi(V) ~ Te <0-rve> fi(V)

5fé:reated (V)
ot

loniz: Z(fs, fn) = /dv’az v — V| fe(vi) fi(v') = fe(v) fu(V)] +

Z(fn) — Z(fnafe) — /dV/UZ v—v fe(vl)fn(v) ~ Te <0-z7}e> fn(v)

13.6eV
McWhirter 1965 (o,v.) = 7.57 x 107'8 Te m® /s (not 0.7 x 107 1?)
13.6eV /T,)%3° 13.6eV
Voronov 1997 (o,v.) = 2.91 x 10~ 00(232 j 12.663V/Te exp <— Tee ) m® /s
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Cross section for the charge exchange operator

Atomic data for fusion vol. 1, C. F. Barnett, ORNL 1990

o

o

o

—_—
\

A2
v, = 1.38 x 10*m/s and o, = 107 1%m? 10 / 18



Moments of the charge exchange operator (a,b) = (n,i) or (i,n)

X(furfo) = / V' ox IV — V[ fa (V) Fo(¥) = Fa(¥) fo (V)]

AN = [ avPX (P M 1)
BN = [ avPlx (i, f5P -
L v2
/dV/UX|V o V/|fék(vl) — nbU*Pl( ) Mlksaba wa = 2 T — 8621
1 o) X By 1 X a
St = iy | aw L0 [ deReaxly -V
0 —1

A\ 7 \_ -y
Ve ~

Gauss—Laguerre Gauss—Legendre

AW = [ avPl(s) [ avoxly = VIFE@RE) - FER)

2

N i LL (w)e”
7

x [0"2 Ly () Sgp — Sau (Ty)*2e” 1 710)]

= —OMNpO 4

o BIEEMI = / IvPIP(s,) / V' ox v — V) FE ) — £ R )

UlnaU*le— / di D2 LL (i)e ™ 11/ 18



lon closures: kinetic equation

e Sum of electron and ion equations

of | Of | Ofi 0fa . Ofs
o "V o T oy T e Y ar

0y

Gy C(fi)

+ ap

o Set f=fM4 fN
Solve the kinetic equation to express f~ in terms of fM

Take closure moments to express closures in terms of thermodynamicdrives

e Asymptotic closure scheme

. ofN
Adopt the closure ordering: = 0
N N
lgnore v - 2 and LE . o5 < only for high collisionality
or m ov
0 .M M di 8fiN o M M N .
ve (M4 M) = Ly B S oM M) 4 G () + Mascwellian
or ms ov
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lon closures: moment equations

e Take moments of C’iL(fiN) _ ﬂv <« B . gfi
myi A%

L Dy o
_—V-ar(fi —|—fn)+c(f1 7fe)

—CINE+ QibxNE = G+ GY = V(T 4 T) and Wi+W,

V5
1 N UT; Ny UT 2
[=1: —cN{+Q;bxN} =¢g' [ ——VT} 1 elVT, 1= 0
LGNt Xlg(Ti +TngV ) 8
e General solution of a set of vector equations
Define gy =bb-g, g« =bxg, g, =-bx (bxg)
1 1
—cN+rbxN=g = N=—|c g+ 55 (rgx +cgi)
c* + r4l
Ni, = —%[iglv”n +igxVy T, + igpV 1 T,)]
N (v*v) h \/BT 11
12/, .4 = ——TvrN
NI = Ni (U V) :N.l.-|-N.1 = 2
| | ST Ry o STCANE + BN
k=1
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Neutral closures

M
v OB R X R  X N Y () - Z()

Take moments: — G, = G, + ALNL + BLNG + Y) N — Z) N

ni1 n ni1 1 ni 1 nn n

<—ar11i L IX A ) N = nnUTnTXg1VTn+arll'i0\/§nnVn +b.Y —ﬂnr-lvi — (b1 Iy T—Xyrlli) N

nn ni
Tz Ty UTn VT ny Ty

\ 7

ntT'n 2 nVn 2 nVi
NL o= e (ﬂgnVTn +ovn Y2 +nvifn—>
Tn UTn UTi
nn/U nTll
_TL (nglvHTn + nngxTn + nngLTn)
nNivTiTii
_ ; (nglVHTi +ngxVT; + nngJ_Ti)

1 NnUTnTX \/anvni NnVUTnTii Tn L5
N: = T (ngnVTn—l—nvn o )— T ngl (VTn-i—\ / f —V”Ti +...
where ngl = A7~ bl ig1 ™2 1 A7 Nyl i1 7% = nglbigl ™ 4 nglyigl ==
g ni1& ni1& gL01g
T TY T TY 14 / 18



Neutral closures (cont.)

n n 2 nVni
N = r U; X <ngnVTn—|—nvn v2n )

UTn
n n /ii n Tn 1
Ui nglbigln—+nglying—X V) Tu+ —n—V”Ti +...
Tn n; TY ﬂnn
10*
10"
10-6 X/C
XY
10~
" 0. 1‘ 00 | 1‘0 1 O‘OO
T (eV) 0.03 1 10 100 1k 10k
7x/7y 0.067 2.0E-3 2.0E-4

2.0E-5 2.0E-6 2.0E-7
Tx [Tz 0 5.2E-7  0.12 0.23

0.050 0.0069
7x/7i 1.6E4 40 0.57

0.0074 9.1E-5 1.1E-6

15 / 18



Convergence with Gaussian nodes and moments (7" = 100eV)
Convergent results: heat flow vs. temperature

N1 _ NnUTnTX

2 nVni nVYT'n'ii
I T (ngnVTn—I—nvn\fn ) M7 (

. Nn . TX
nglbigl— + nglylgl—) e
Ty i T

UTn n; Y

Gauss-Legendre nodes = 10 (or 20), (n, =Gauss-Laguerre nodes), and moments M
ngn (20) (20) nvn
(ny = 10)  (20) (40) 3M 4M (10) (20) (40) 3M 4M
1.732 1.734  1.735 1.735 1.736  0.0689 0.0685 0.0684 0.0687 0.0687
0.174 0.173 0.172 0.179 0.180  0.0154 0.0150 0.0150 0.0156 0.0157
0.049  0.052 0.0049 0.0049
0.018 0.0018
nglbigl nglyigl
-1.371 —-1.370 —-1.369 —-1.374 —-1.375 —=3.133 —-3.137 —-3.139 —-3.140 —3.141
0.508 0.508 0.507 0.543  0.542 0.633 0.634 0.635 0.697 0.696

—0.060 —0.043 —0.078 —0.054
—0.021 —0.046
Heat flow results (3 vector moment approximation)
T (eV) 0.03 1 10 100 1k 10 k

ngn 1.05 1.50 1.59 1.73 3.81 34.7
nvn 0.127 0.127 0.0968 0.0685 0.0391 -0.305
nglbigl -2.09 -2.09 -1.75 -1.37 -1.74  -1.57
nglyigl -185 -263 -284 -314 -701 -76.8 16 / 18




Future work: collisional closures for 10 or 13 fluid moment
model

e 5 (14+3+1) moments: n(1), V(3), and T' (or P = p + smnV?) (1)

Closures: h, 7, R, @ (or H, I, R = Cv, C1,,,2)

e 10 moments: plus II(5)

4
8tH—2nFV+gVH+V-Z+Q(b><H—be):CH

o May capture integral (nonlocal) effects for the heat flow with collisional
closures

e 13 moments: plus H(3)

F F
T T n-YLHxB=Cy
m m

1 1
OH+ -V -U? + -VvU" — §P
2 2 m

6

o May capture integral (nonlocal) effects for the heat flow with collisional
closures

17 / 18



Future work

e Parallel closures

o Making simplified formulas in k£ space (electrons with Z > 10 Hankyu Lee)

¢ Generalize to an inhomogeneous magnetic field
e Parallel closures for nonlinear and non-adiabatic phenomena

o Implement parallel moment equations (nonlinear terms) in NIMROD
e Closures for e-i-n plasmas

¢ Complete closures for ions and neutrals

¢ (Long term) Compute the cross section for the electron impact ionization
(atomic physics)

¢ (Long term) Compute electron closures with neutrals
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